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Attitude and Angular Velocity Tracking for a Rigid Body using
Geometric Methods on the Two-Sphere (Stability Proof)
Michalis Ramp1 and Evangelos Papadopoulos2
Abstract—Stability proof of the controller proposed in [1]. This
proof must be studied together with Sec. III-C in [1].
I. POINTING DIRECTION AND ANGULAR VELOCITY
TRACKING
A control system is defined in L2 under the assumption that
we have a fairly accurate estimate of the model parameters
showing exponential convergence in an envelope around the
zero equilibrium of beq,
beω using Lyapunov analysis.
Proposition 1: For Λ, γ, η ∈ R+ and a desired pointing
direction curve qd(t) ∈ S2 and a desired angular velocity
profile bωd(t),
bω˙d(t), around the qd(t) axis, we define the
control moment bu as,
bu = η−1Ĵ(−η(f̂ + d)−(Λ + Ψ)be˙q−Ψ˙beq−γs) (18a)
d = (bω)×QTQd
bωd −QTQdbω˙d (18b)
f = J−1((Jbω)×(bω)− cbω + τ ) (18c)
s = (Λ + Ψ)beq + η
beω (18d)
γ = γ1 + γ2 + γ3, γ3 = γ4 + γ5, γi=1,..,5 ∈ R+ (18e)
γ3 <
γ4(Λ + Ψ)
2
Ψ2
(18f)
γ5 > A2max/λJ (18g)
η > A1max/(γ5λJ −A2max) (18h)
where λJ = λmin(J
−1Ĵ) while (̂.) signifies estimated pa-
rameters due to parameter identification errors. The bounds
A1max , A2max are found via the expressions after eq. (22) and
are given in (23). It will be shown that the above control law
stabilizes and maintains beq,
beω in a bounded set around the
zero equilibrium. Furthermore for perfect knowledge of the
system parameters the above law stabilizes beq,
beω to zero
exponentially.
Proof: We utilize a sliding structure in L2 by defining the
surface in terms of the configuration error vectors (12), (15)
and the attitude error function (8) so that they appear explicitly
in the Lyapunov candidate function. Then the control design
is similar to nonlinear control design in Euclidean spaces [2],
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[3]. The defined sliding surface is given in (18d). Its derivative
is,
s˙ = Ψ˙beq + (Λ + Ψ)
be˙q + η
be˙ω (19)
For κ = 2ηΛ(γ2 + γ3)λJ the Lyapunov candidate is,
V (Ψ, beq,
beω) =
1
2
sT s+ κΨ (20)
Using (13) and the vector zq = [‖beq‖; ‖beω‖] it holds that,
λmin(W1)‖zq‖2≤zTq W1zq≤V≤zTq W2zq≤λmax(W2)‖zq‖2
W1 =
[
(Λ+Ψ)2
2 + κ − (Λ+Ψ)η2
− (Λ+Ψ)η2 η2/2
]
W2 =
[
(Λ+Ψ)2
2 + 2κ
(Λ+Ψ)η
2
(Λ+Ψ)η
2 η
2/2
]
Differentiating (20) and substituting (19) we get,
V˙=sT s˙+ κΨ˙
=sT ((beTq
beω)
beq+(Λ+Ψ)
be˙q+ηJ
−1bu+ηf+ηd) (21)
+κbeTq
beω
To avoid high frequency chattering and the discontinuities
introduced by the standard sliding condition, and since a
control system is developed on S2, the conventional sliding
condition will not be used. Instead, the control law is designed
such that when not on the surface, the following holds,
sT s˙ ≦ −k‖s‖2, k > 0
Substituting (18a) and (A3) to (21), after some manipulations,
V˙ = sT (∆J
(
(beq
beTq )
beω+(Λ+Ψ)(E
beω+Ξ
bωd)
)
+η(f−J−1Ĵf̂) + ∆Jηd−J−1Ĵγs) + κbeTq beω
∆J = I− J−1Ĵ
Employing (A6), after several manipulations,
V˙ = sT (−γJ−1Ĵs+Abeω +B)+κbeTq beω (22)
where A ∈ R3×3, B ∈ R3×1, are given by,
A = A1 − ηA2
A1 = ∆J
(
beq
beTq +(Λ+Ψ)E
)
,A2 = ∆J(Q
TQd
bωd)
×
B = ∆J
(
(Λ+Ψ)Ξbωd − ηQTQdbω˙d
)
+ η(f−J−1Ĵf̂)
Under the assumption mentioned in the beginning of this
section, i.e. we have a fairly accurate estimate of the model
parameters, the following holds,
‖f−J−1Ĵf̂‖ ≤ fmax <∞, fmax ∈ R+
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Additionally since bωd,
bω˙d are bounded, the following holds,
∃A1max , A2max , Bmax ∈ R+ − {∞}
‖A1‖ ≤ A1max , ‖A2‖ ≤ A2max , ‖B‖ ≤ Bmax (23)
Expanding (22) and rearranging we have,
V˙ ≤ −γλJsT s+Υ+ A˘‖beω‖+ (η2‖A2‖+ η‖A1‖)‖beω‖2
+κbeTq
beω
≤ −γλJsT s+Υ+ A˘‖beω‖+ (η2A2max + ηA1max)‖beω‖2
+κbeTq
beω
Υ = (Λ+Ψ)‖B‖
A˘ = η‖B‖+ (Λ + Ψ)‖A‖
Using (18e) after several manipulations,
V˙ ≤ −γ1λJsT s− zTq W3zq +Υ− γ3λJ (Λ + Ψ)2‖beq‖2
−γ3λJ2ΨηbeTq beω − γ3λJη2‖beω‖2
+A˘‖beω‖+ (η2A2max + ηA1max)‖beω‖2
W3 =
[
γ2λJ (Λ + Ψ)
2 −γ2λJΨη
−γ2λJΨη η2γ2λJ
]
Employing γ3 =
∑5
i=4 γi, γi,∈ R+ after some manipulations,
V˙ ≤ −γ1λJsT s− zTq W3zq − zTq W4zq +Υ
− ((γ5λJ −A2max)η2 − ηA1max) ‖beω‖2 + A˘‖beω‖
W4 =
[
γ3λJ (Λ + Ψ)
2 −γ3λJΨη
−γ3λJΨη γ4λJη2
]
Via (18f) the matrix W4 is positive definite and via the
conditions (18g), (18h), the fifth term of the inequality above
is non-positive. For beω such that,
‖beω‖ > A˘
(γ5λJ −A2max)η2 − ηA1max
(24)
then
V˙ ≤ −γ1λJsT s − λmin(W3)‖zq‖2 − λmin(W4)‖zq‖2 +Υ
Finally for,
‖zq‖ >
√
Υ
λmin(W3)
(25)
then
V˙ ≤ −γ1λJsT s− λmin(W4)‖zq‖2 ≤ −λmin(W4)‖zq‖2
Notice that the first term above ensures sliding behavior.
Boundedness: Employing conditions (24) and (25) the fol-
lowing sets are defined,
M1 = {(beq, beω) ∈ R3 × R3|Eq.(25),Eq.(24)}
To ensure that ‖beq‖ < 1, i.e. the states are in L2, the following
set is defined,
M2 = {(beq, beω) ∈ R3 × R3|‖zq‖ < 1,Eq.(24)}
Finally for proper γ, bωdmax ,
bω˙dmax the following hold,
Υmax<λmin(W3) (25a)
A˘<
(
(γ5λJ−A2max)η2−ηA1max
)√ Υmax
λmin(W3)
(25b)
Conditions (25a), (25b), ensure that M1 ⊂M2.
Thus beq,
beω are stabilized exponentially in an envelope
of radius
√
Υmax
λmin(W3)
around the zero equilibrium, with the
radius decreasing as γ increases. Additionally for perfect
knowledge of the system parameters, we have perfect can-
cellation, which yields,
V˙≤−γ1sT s−λmin(W5)‖zq‖2≤−λmin(W5)
λmax(W2)
V (26)
W5 =
[
(γ2+γ3)(Λ+Ψ)
2 −(γ2+γ3)Ψη
−(γ2+γ3)Ψη (γ2+γ3)η2
]
and by the comparison lemma, [3],
V (t)≦V (0)e
−
λmin(W5)
λmax(W2)
t
Proving that the zero equilibrium of the attitude and angular
velocity tracking errors beq ,
beω, is exponentially stable. 
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APPENDIX
Vector space isomorphism where r ∈ R3,
(r)×=[0,−r3, r2; r3, 0,−r1;−r2, r1, 0], ((r)×)∨=r (A1)
Exponential map using the Rodrigues formulation [4],
exp(ǫξ×) = I+ ξ× sin ǫ+ (ξ×)2(1− cos ǫ) (A2)
Derivative of the configuration error vector (12),
be˙q=E
beω +Ξ
bωd (A3)
E=
(beqq
T
d )(q)
×Q
2(1+qTqd)
+
QT {qTd qI− qdqT }Q√
2
√
1+qTqd
(A4)
Ξ=
{(beqqTd )(q)× + (beqqT )(qd)×}Qd
2(1+qTqd)
(A5)
Alternative expression for (18b),
d=−(QTQdbωd)×beω −QTQdbω˙d (A6)
